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Forward Flight Stability Characteristics for Composite
Hingeless Rotors with Transverse Shear Deformation
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The shaft-� xed aeroelastic stability behavior of a soft-in-plane, composite hingeless rotor blade in hover and
in forward � ight has been investigated by using the � nite element method in both space and time. The non-
classical structural effects, such as anisotropy, transverse shear, and torsion warping, are incorporated in the
structural formulation. Timoshenko-type shear correction coef� cients, which take into account the bending–shear
and extension–shear couplings, are introduced to consider the nonuniform distribution of shear across the section
of the blade. The aerodynamic model in the current aeroelastic analysis is formulated to allow either quasi-steady
or unsteady two-dimensional aerodynamics. The Leishman–Beddoes model based on an indicial response method
is employed to consider the unsteady aerodynamic effects. The effects of compressibility and reversed � ow are also
incorporated. Finite element equations of motion undergoing moderately large displacements and rotations are
derived using the Hamilton’s principle. Numerical simulations are carried out to validate the current analysis with
other literature. The in� uence of composite couplings, transverse shear deformation, and unsteady aerodynamics
on the aeroelastic behavior of soft-in-plane helicopter blades is investigated. Numerical results illustrating a great
potential to improve the aeroelastic stability are presented for a blade with positive tension–pitch coupling. The
transverse shear deformation is seen to have a stabilizing effect on the lag mode stability for cases with elastic
couplings. Overall, the transverse shear effects become larger at higher forward speeds. It is also seen that the lag
mode stability is signi� cantly in� uenced by the unsteady aerodynamic effects.

Nomenclature
A = cross-sectionalarea
CT = rotor thrust coef� cient
c = blade chord
R = blade length
u; v; w; Á = elastic beam de� ections
X; Y; Z = hub-� xed rotating coordinates
X H ; YH ; Z H = hub-� xed nonrotating coordinates
x; y; z = undeformed blade coordinates
®& = lag mode damping, per revolution
¯p = precone angle
"x x ; °x´; °x& = engineering strains
µtw = blade pretwist angle
µ0 = blade pitch,

µ0:75 C µtw.x=R ¡ 0:75/ C µ1c cos Ã C µ1s sin Ã
µ0:75 = collective pitch at 75% radius
µ1c; µ1s = cyclic pitch
Nµ = total blade pitch, µ0 C Á
¹ = advance ratio
»; ´; ³ = deformed beam coordinates
½ = mass density
¾ = solidity ratio
¾x x ; ¿x´; ¿x& = engineering stresses
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Ã = azimuth angle, Ät
Ä = rotor speed, rpm

Superscripts

0 = d( )=dx
· = d( )=dt

Introduction

T HE aeroelastic stability analysis of composite rotor blades has
generally been performed through the one-dimensional beam

assumption, given that the longitudinal dimension of the blade is
much larger compared to the lateral ones.1 This rather intuitive
assumption has been validated by considering relative strain en-
ergies between the real and the idealized structures from a three-
dimensional elasticity point of view.2;3 Many simplifying assump-
tions may be drawn for the beam kinematics, but it is important to
capture appropriately nonclassical structural effects such as trans-
verse shear, warping, and warping restraint for accurate analysis re-
sults.To describethese nonclassicaleffects in the analysisof a com-
posite blade, published works have used two distinct approaches.
The � rst class includes cross-sectional� nite element analysis, such
as VABS,3 that can model complex geometry and nonuniformity
of a cross section in a straightforward way. The second class in-
cludes analytical models such as those of Reh� eld4 and Smith and
Chopra5 that are simple and can be used to providephysical insights
into the relationshipbetween the various effects.Although � nite el-
ement models can be very useful in the detailed design stage of
composite rotors, the analyticalmodels seem to be extremelyuseful
in the preliminary design stage, including optimization studies and
aeroelastic stability analyses.6

During the past two decades, there has been remarkable research
activity into the aeroelastic stability analysis of composite rotor
blades. Existing aeroelastic analyses can be divided into two types,
based on the treatment of geometric nonlinearities retained in the
one-dimensional beam representation. The � rst type is based on a
moderate de� ection beam theory, where an ordering scheme is in-
troduced to discard small, higher-ordernonlinear terms that arise in
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the derivation of motion equations. Typically, the bending de� ec-
tions are assumed to be of order ", and terms up to order "2 or order
"3 are retained in the analysis. In the second type, large de� ection
beam theory that removed the restrictions on the magnitude of the
deformations is used. Fulton and Hodges7 and Shang et al.8 stud-
ied the stability behavior of composite hingeless rotors in hovering
� ight. The analyses placed no restrictions on the magnitude of de-
formations of the blade. These studies showed that the discrepancy
between numerical and experimental results for lag mode damping
of the small-scale rotor of Sharpe9 was not caused by modeling
errors associated with large de� ections of the beam. Even though
there remains some debate on the treatment of the geometric non-
linearities of rotors, this study gives one the idea that the � rst type
of approach actually leads to an accuracy of solutions comparable
to the second type in the aeroelastic analysis.Note that the � rst type
of analysis is commonly used for metallic blades and has also been
used for compositeblades by a number of researchers (for example,
see Ref. 10), the present paper included.

Hong and Chopra11 used a moderate de� ection type of beam the-
ory to examine the effects of elastic couplings of composite rotors
on the aeroelastic stability in hover. Some of the important nonclas-
sical effects, such as transverseshear couplings,were ignored in the
analysis,but the study showed a potential to improve the aeroelastic
stability by tailoring the composite couplings of the blade. Panda
and Chopra12 extended this research to include dynamics of com-
posite rotors in forward � ight. This work showed the possibility of
reducing stress and vibration levels using composite tailoring tech-
niques. Yuan et al.13 presented a � nite element based aeroelastic
stability analysis for single- and double-celledcomposite hingeless
rotors with straight and swept tips in hovering � ight. Moderate de-
� ection and � nite rotation assumptions were used in the analysis.
In the � nite element model, kinematic variables associated with
transverse shear and torsion warping were included as separate de-
grees of freedom (DOF) that result in 23 DOF per element. They
concluded that geometric design parameters, such as blade sweep,
as well as composite couplings, can be exploited in the structural
design studies.

Smith and Chopra14 studied the aeroelasticbehaviorof elastically
coupled composite hingeless rotors in forward � ight. A shear � ex-
ible 19-DOF beam � nite element, including four transverse shear
DOF was developed for the analysis. Several blade con� gurations
that represent pitch–� ap, pitch–lag, and tension–pitch couplings
were consideredto investigatethe in� uence of composite couplings
on the aeroelastic stability response of the rotors. The study pre-
sented the great potential of using composite couplings but, among
others, demonstrated the possibility that negative pitch–lag cou-
plings (lag back/pitch up deformation) could be very effective in
controlling the aeroelastic stability boundary. In this study, how-
ever, the distribution of shear was assumed (implicitly) as uniform
across the section of the blade. Tracy and Chopra15 investigated the
aeroelastic stability of a soft-in-plane bearingless rotor in forward
� ight. In this analysis, the � exbeam was modeled as a composite
thin-walled I beam, whereas the main blade and torque tube were
idealized as thin-walled closed box-sectionbeam. Transverse shear
effects were included implicitly by statically condensing the shear
DOF in the � niteelementmodel. The effectsof compositecouplings
were seen to have a signi� cant effect on the stability behavior of
composite bearingless rotors.

Jung and Kim16;17 investigated the effects of transverse shear de-
formationandstructuraldampingon theaeroelasticresponseof stiff-
in-plane composite hingeless rotors in hover. The study introduced
shear correction factors (SCF) to account for the nonuniform dis-
tribution of shear across the section and presented improved results
(3–15%) over thoseof Smith and Chopra14 for the structuraldynam-
ics analysis of rotating composite box-beams. Note that Smith and
Chopra used a Timoshenko-type theory with the shear correction
factor set to unity. Jung and Kim’s studies16;17 showed that the ef-
fects of transverseshear and structural damping can have a key role
in the predictionof the � utter boundaryof the rotor but that the � ight
envelopewas con� ned to hovering � ight and that the SCF used was
obtained from the formula18 of an isotropic thin-walledbox section.
Kim et al.19 studied the shear stress distributionacross both rectan-

gular solid and thin-walled box sections and obtained the formula
of SCF in closed form by using the equivalence of strain energy
between the real cross section and a section subjected to the same
shear force, but with an effective area over which the shear stress is
uniform. The effects of elastic couplings, as well as the geometry,
of a section were taken into account to determine the SCF.

During the past few decades,many studies have been focused on
showing the importance of including the transverse shear deforma-
tion on the static,6;20 structural dynamic,14;16 and hover aeroelastic
stability analyses16;17 of composite blades. The in� uence of trans-
verse shear deformation can be included in a beam formulation in
an explicit13;14;16 or implicit15 manner. The implicit method has a
certain advantageover the explicitone in that no additionalDOF are
required in carrying out the computation. However, as pointed out
by Jung et al.,6 the accuracy of the solution via the implicit method
may be questionableeven for a short, slendercompositebeam, espe-
cially when the beam is under the action of two perpendicularloads
with different magnitudes,which is very similar to the case of a he-
licopter blade where the aerodynamic forces acting in the � atwise
directionare much larger than those in the chordwisedirection.Note
that, in Ref. 6, only the static case was considered to investigate the
effect of transverse shear on the beam response. So far, the direct
effects of transverse shear deformation on the aeroelastic stability
of composite rotors in forward � ight have not been exploited in the
literature. Furthermore, despite the evident practical importance of
the � eld, the published works devoted to the aeromechanical insta-
bility of a composite rotor blade (especially in forward � ight) that
includes the unsteady aerodynamiceffects are still rare.6

In thepresentwork, the aeroelasticstability(shaft-� xed)behavior
of composite hingeless rotor blades in forward � ight is investigated
by using the � nite element method. The blade structure is ideal-
ized as a thin-walled, single-celled box-section beam. The struc-
tural model is based on the work of Jung and Kim,16 who take into
accountkey nonclassicalstructuraleffects such as anisotropy,trans-
verse shear, and torsion warping. For this study, the wall of the box
section is assumed as the membrane. The level of approximation
used in the beam kinematics corresponds to Timoshenko for bend-
ing and to St. Venant for torsion. The warping restraint effect is
neglected in the analysis. A newly derived formula of SCF19 that is
a function of composite couplings, as well as the geometry of the
section, is used to take into account the nonuniform distribution of
shear over the section of the blade. Special focus is given to identify
the effects of transverse shear deformation on the stability bound-
ary of the blade. Either quasi-steady or unsteady two-dimensional
aerodynamics is employed to study the unsteady aerodynamic ef-
fects on the stabilitybehavior of the blade. The aerodynamicmodel
developed by Leishman and Beddoes21 is adopted for the unsteady
aerodynamics.This model is based on an indicial response method
and is validfor attached� ow, separated� ow, anddynamicallystalled
� ow. Compressibilityand reversed� oweffectsare also incorporated
in the present analysis.

Recently, more generic beam models such as those of Volovoi
and Hodges22 and Jung et al.23 have been developed. These beam
theories allow treatment of arbitrary cross-sectionalgeometries and
material distributions. The bending strain measures, as well as the
membrane strains, were included in these formulations to take into
account the wall thicknesseffectof the beamcross section.Note that
a more rigorous representationof beam kinematicsis truly desirable
for accurate analysis, but a comprehensive aeroelastic analysis of
composite rotors (especially in forward � ight) with these state-of-
the-art beam models has not been reported yet. Also, there is a need
to � ll the apparent existing gap in the literature, and this work aims
at providing the relevant information in the related � eld.

Note that, to the best of the authors’knowledge, the presentwork
is the � rst to investigate the direct transverse shear effects on the
aeroelastic stability of coupled composite blades in forward � ight.
Results illustrating a great potential for the aeroelastic tailoring are
also presented for composite blades with tension–pitch couplings,
which have received less attention compared to the pitch–� ap, ±3,
or pitch– lag, ®1, types of elastic couplings. In addition, the effects
of unsteady aerodynamics on the stability boundary of composite
hingeless rotors are examined in the framework of the analysis.
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Fig. 1 Geometry and coordinate systems of a blade.

Formulation
Figure 1 shows the schematicof an elastichelicopterbladewhose

structure is representedas a single-cell, thin-walled laminated com-
posite box beam. Several coordinate systems are used to describe
the motion of the blade: the X H –YH – Z H hub-� xed nonrotating co-
ordinate system, the X –Y – Z hub-rotating coordinate system, the
x – y–z undeformed blade coordinate system, and the » –´–³ de-
formed blade coordinate system. The x – y–z coordinate system is
attached to the undeformedblade, which is at a precone angle of ¯p

in the hub-rotating coordinate system. The deformation of a point
on the blade is describedby the displacementsu; v; w, and Á, which
are, respectively,axial, chordwise, � atwise, and twist deformations.
The chordwise and � atwise displacements,v and w, are expressed
as the sum of the displacementsdue to bending (vb and wb/ and the
displacements due to shear (vs and ws ) (Ref. 16).

The strain-displacement relations for small strains and moder-
ately large deformations up to second order can be written in the
following form:
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where variables with subscript b and s refer to bending and shear
deformation, respectively, Nµ D µ0 C Á is total geometric pitch of the
blade, and ¸T is the St. Venant torsion. Note that, for convenience,
the total shear strain components °i j are divided into two parts:
torsion-related strain component ° t

i j and transverse-shear-related
strain component ° s

i j . In Eq. (1), f1 and f2 denote arbitrary func-
tions in terms of sectional coordinates taking into consideration
that the distribution of shear across the cross section is nonuniform
(parabolic). As in the theory of a Timoshenko beam, the present
approach introduces shear correction coef� cients to simplify the
analysis. For beams made of composite materials, the shear correc-
tion coef� cients appear not only to be functions of geometry, but
also of the material property of the beam. Kim et al.19 investigated
the distributionof shearfor generallyorthotropicbeams havingrect-
angular solid and thin-walled box sections and formulated the SCF
by using the equivalenceof shear deformationenergies between the
real cross section and the equivalent cross section over which the
shear stress is uniform. Keeping the aforementioneddescriptionsin

mind, the shear strain componentsassociatedwith applied tip forces
may be written in the following form:
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where the overbar refers to equivalent quantities corresponding to
the variables; kh and kv are the SCF in edgewise and � atwise direc-
tions, respectively;G Ah and G Av are shear rigiditiesof the section,
respectively; and Q´ and Q³ are the tip shear forces acting on the
blade. Note that, comparing Eqs. (1) and (2), the functions f1 and
f2 lead to the SCF for the section.For this study, the formula of SCF
put forth by Kim et al.19 has been used (see Appendix).

The constitutive relations of the horizontal and vertical laminas
of box-beam walls can be written in the following form:
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where the subscript h and v denote the horizontaland vertical walls
of box section, respectively, and the stiffness coef� cients Ci j in
Eq. (3) are obtained by assuming the state of plane stress in each
wall of the box section

Ci j D NQ i j ¡ NQ i2
NQ2 j = NQ22 for i; j D 1; 6 (3a)

where the expression for the transformed reduced stiffness matrix
NQ i j in terms of material constants is given by Jones.24

The governingdifferentialequationsof motion for the composite
hingeless rotor can be derived by using the generalized Hamilton’s
principle in a weak form as

±5 D
Z t2

t1

.±U ¡ ±T ¡ ±We/ dt D 0 (4)

where t1 and t2 are arbitrary instants of time and ±U , ±T , and ±We

are the variation of strain energy, the variation of kinetic energy,
and the external virtual work done by external forces, respectively.
These are de� ned as
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In the kinetic energy expression, Eq. (6), V is the velocity vector
of a given point on the deformed elastic axis. On the right-hand
side of the virtual work expression, Eq. (7), Lu and MÁ are the
aerodynamic force and moment distributed along the length of the
blade in axial and twist directions, respectively; Lvb and Lvs de-
note the edgewise components of aerodynamic forces in bending
and shear parts, respectively; and Lwb and Lws denote the � atwise
components of aerodynamic forces in bending and shear parts, re-
spectively. In Eq. (7), ±p is the virtual rotation of a point along the
deformed elastic axis of the blade.25 The aerodynamic loads acting
on the blade are obtainedusing either quasi-steadyor unsteady two-
dimensionalaerodynamictheory.The effectsof compressibilityand
reversed � ow are incorporatedin the aerodynamicmodels. Compo-
nents of noncirculatoryorigin aerodynamicsare also included. The
unsteady aerodynamicmodel is based on the work of Leishman and
Beddoes,21 and this consistsof a linear attached� ow solution,a sep-
arated � ow solution, and a dynamic stall solution. For the present
study, only the linear attached unsteady aerodynamics are consid-
ered. The linear model uses an indicial responsemethod along with
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linear superpositionin the form of a � nite difference approximation
to Duhamel’s integral.21 The Drees linear in� ow model (see Ref. 26)
is used for the distribution of steady induced in� ow.

Note, at this stage, that, because a moderately large de� ection for
the magnitude of elastic blade motion is assumed in the beam for-
mulation, this study needs a relatively cumbersome mathematical
treatment, as well as a tedious process to obtain the � nal energy ex-
pressionsin termsof beamdisplacementsand rotations[Eqs. (5–7)].
To save time and labor toward this goal, the present study used a
symbolic manipulator such as Mathematica.27 With special func-
tions provided in the software, the � nal results, that is, symbolic
equations, are directly transformed to the FORTRAN statements,
which readily combined into the comprehensive aeroelastic analy-
sis code.

Finite Element Solution Procedure
Applying the � nite element method into a discretizedform of the

Hamilton’s principle,8 onecan constructthe nonlinear� niteelement
equationsof motion in termsof globalnodalDOF q, which is written
in symbolic form as

Mq̈ C C.q; Ã/Pq C K.q; Ã/q D F .Ã; q; Pq/ (8)

where M, C, K, and F are the global inertia, damping, stiffness
matrices, and load vector, respectively. The damping and stiffness
matrices show asymmetry due to the in� uence of nonconservative
aerodynamicforcesandmomentsandare functionsof azimuthangle
in the rotor disk plane. The blade structure is discretized into a
number of beam � nite elements. Each beam � nite element consists
of two end nodes and three internal nodes, which results in a total
of 23 DOF per element, including 8 transverse shear DOF, to fully
consider the � ap– lag–torsion behavior of the blade.16

The solutionof the governingdifferentialequationsof motion (8)
requires � rst the determinationof the blade equilibriumposition.To
reduce computation time required to obtain the steady responses of
the blade, the modal superposition technique is applied to the � nite
element equations.The rotating free vibrationanalysis is carried out
to transform the system mass, damping,and stiffnessmatrices in the
modal space. The resulting transformed modal equations of motion
can be written as

NMRr C NC.Ã/Pr C NK.r; Ã/r D Qnl.Ã; r; Pr/ (9)

where r is the generalized modal coordinates and the overbar of
the system matricesdenotes that the correspondingones result from
modal coordinate transformations. In Eq. (9), all of the nonlinear
terms are put in the load vector Qnl for convenience. The global
nodal DOF q can be obtained from the modal coordinatesusing the
transformation as

q D 8r (10)

where 8 is a modal bases matrix that is determined from rotating
free vibration analysis. The nonlinear periodic normal mode equa-
tions (9) are solved for equilibrium responses using a time � nite
element technique.28 The time period of one rotor revolution is dis-
cretizedinto a seriesof time � nite elements,and a periodicboundary
condition is imposed by connecting the � rst and last element.

A coupled trim procedure is used to obtain the nonlinear blade
response, pilot control inputs (main rotor collective and cyclic and
tail rotor collective), and vehicle orientations (lateral and longi-
tudinal shaft tilt angles) in a simultaneous manner. The coupled
trim analysis consists of calculating the vehicle propulsive trim,
blade steady de� ections, and hub forces and moments. The vehicle
propulsive trim involves three force equations (vertical, longitudi-
nal, and lateral) and three moment equations (pitch, roll, and yaw).
The propulsive trim solution is used as an initial guess for the blade
equilibrium equation and iterated through updating hub forces and
moments in the coupled trim algorithm. The nonlinear algebraic
equations are solved numerically using the Newton–Raphson tech-
nique. The individual contribution of hub forces and moments are
obtained using the force summation method, and the multiblade

Fouriercoordinatetransformation(FCT) is applied to convertthe ro-
tatingblade loads into the � xed framehub loads.The coupledtrim it-
erationis terminatedwhen the incrementsof bladesteadyde� ections
and propulsive trim variables fall within a given tolerance value.

By the useof the nonlineardeformedpositionof thebladethrough
the coupled trim analysis, the perturbation eigen analysis is per-
formed to generate the natural modes and to construct the modal
� utter equations.For the shaft-� xed stability analysis, the linearized
perturbation equations about the equilibrium position are trans-
formed into a � rst-order form as

»PQp
RQp

¼
D

µ
0 I

¡ NM¡1 NK.p0/ ¡ NM¡1 NC. p0/

¶ »
Qp
PQp

¼
(11)

where p0 is the nonlinearequilibriumpositionof the blade in modal
coordinates and is a function of azimuth angle, and Qp is the small
perturbation about the time-dependent equilibrium position. The
transformedmodal � utterequationsare solvedas an algebraiceigen-
value problem with periodic coef� cients by using the Floquet tran-
sition matrix theory (see Ref. 29), as well as the constant coef� cient
approximation.30

Results and Discussion
The aeroelasticstability analysisof a soft-in-planecompositehe-

licopter blade in forward � ight has been performed using the � nite
element method in space and time. For the present � nite element
analysis, six spanwise beam � nite elements with 23 DOF per ele-
ment and six time � nite elements with a fourth-order interpolation
function are used. As a means to save computation time, a modal
superposition technique based on rotating vibration modal bases is
used for the nonlinear steady response and stability solution. Six
normal modes (two � ap, two lag, and two torsion) are used for
the steady response, and eight normal modes (three � ap, two lag,
two torsion, one extension) are used for the stability analysis. Note
that the elastic coupling results in coupledmode shapes. For conve-
nience, the mode shape that is predominantly bending is referred to
as bending mode, and so on. Note also that the quasi-steady aero-
dynamic theory is used to obtain the aerodynamic loads acting on
the blade, except the � nal unsteady aerodynamics section.

Comparison Study
The current structural dynamics analysis of rotating composite

box-beams with bending– torsion and extension– torsion couplings
was correlated successfullywith other numerical analysis results14

and experimental test data.31 The details of the comparison can be
found in Ref. 16. To make sure that the currentnumericalalgorithms
adopted in the forward � ight aeroelastic analysis are properly orga-
nized and also to give reliable analysis results, a correlation is con-
ducted with available literature. The work of Smith and Chopra14

is chosen for this purpose. In Ref. 14, the aeroelastic behavior of
a composite hingeless rotor in forward � ight was investigated us-
ing a re� ned structural model. A shear � exible 19-DOF beam � nite
element was developed for the analysis. Figures 2 and 3 show the

Fig. 2 Comparison of steady tip de� ections of a hingeless blade in
forward � ight (¹ = 0.2).
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Fig. 3 Comparison of steady tip de� ections of a hingeless blade in
forward � ight (¹ = 0.35).

Fig. 4 Comparison of lag mode stability results with forward speed.

comparison results between the two sets of results for steady tip
de� ections (� ap, lag, and torsion) of a soft-in-planehingeless rotor
at an advance ratio of ¹ D 0:2 and 0.35, respectively. The thrust
level is set at CT =¾ D 0:07. The properties of the vehicle and ro-
tor used in the calculation are similar to those of the production
Messerschmitt–Bölkov–Blohm (MBB) BO-105 hingeless rotor de-
sign (see Table 2 in Ref. 14). Note that, in Ref. 14, the distribution
of shear was assumed (implicitly) to be uniform across the section,
and the present results were obtained by using the same assumption
for consistency. Fairly good correlation for steady responses at dif-
ferent forward speeds is noticed, as is presented in both Figs. 2 and
3. Figure 4 shows the comparison of the lag mode damping results
as a function of forward speed ¹. Good correlation is also seen for
the stability results at different speeds. Based on the correlation re-
sults, the present algorithms and solution schemes employed in the
forward � ight aeroelastic analysis are thought to be organized well
enough for further studies.

Effects of Elastic Couplings
Numerical simulations are conducted to investigate the effects

of elastic couplings on the aeroelastic stability of composite hin-
geless blades. The experimental model rotor of Weller32 is used
for the study. The rotor model has soft-in-plane blade characteris-
tics and is Froude-scaled to simulate overall dynamic properties of
production hingeless rotors, with emphasis on the MBB BO-105.
The geometric and operational properties of the vehicle and the ro-
tor are summarized in Table 1. The materials used are AS4-3501-6
graphite–epoxy, and the mechanical properties are E1 D 141:9 GPa
(20:59 £ 106 psi), E2 D 9:78 GPa (1:42 £ 106 psi), G12 D 6:0 GPa
(0:87 £ 106 psi), and º12 D 0:42. The rotor structure, which is rep-
resented as a single-cell box-section beam, is carefully designed to
yield realistic values of rotating natural frequencies: fundamental
lag frequency º³ D 0:7, fundamental � ap frequency º¯ D 1:12, and
fundamental torsional frequency ºÁ D 5:0. The model rotor con-

Table 1 Model rotor properties

Parameter Value

Main rotor
Number of blades 4
Rotor radius R, in. 52.8
Chord c, in. 3.70
Rotor speed Ä, rpm 660
Lock number ° 6.5
Solidity ¾ 0.089
Thrust ratio CT =¾ 0.08
Hub length xhub=R 0.015
Precone ¯p , deg ¡5
Pretwist µtw , deg 1
Mass per unit length m, slug/ft 0.00866

Vehicle
Hub vertical offset h=R 0.2
Main rotor c.g. offset xcg =R; ycg=R 0, 0
Flat plate area f=¼ R2 0.01

Tail rotor
Tail rotor radius rtr=R 0.2
Tail rotor solidity ¾tr 0.15
Tail rotor location xtr=R 1.2
Tail rotor above c.g. htr=R 0.2
Horizontal tail location xht=R 0.65
Horizon tail planform area Sht=¼ R2 0.008

� gurations used in the calculation are divided into seven different
cases: baseline uncoupled,pitch–lag coupled (symmetric A and B),
pitch–� ap coupled (symmetric C and D), and tension–pitch coupled
con� gurations (antisymmetric A and B). Table 2 shows the con� g-
uration details of the layup geometry for each of the cases. The
positive ply angles are de� ned as right angles with respect to the
beam axis (Fig. 1). The baseline blade consists of a cross-ply layup
and, hence, exhibits no elastic couplings.The symmetric case A ex-
hibits positive pitch– lag coupling (lag back/pitch down) and sym-
metric case C exhibits positive pitch–� ap coupling (� ap up/pitch
down). The antisymmetric case A has positive tension–pitch cou-
pling (tension–pitch down). Each of the other pairs of the layup
con� gurations appeared in Table 2 such as symmetric B, symmetric
D, and antisymmetricB presents negativecouplings.Table 3 shows
the calculation results obtained for rotating � ap, lag, and torsion
frequencies of the seven cases listed in Table 2. The changes in the
frequencyvalues are due to the presence of elastic couplingsby the
nonzeroply angles in the box-beamwalls. The effects are seen to be
negligiblefor the bendingmodes (within 3%) but substantial for the
torsion mode frequencies(maximum 25%). Even though the ampli-
tudes of the torsion mode frequencies for the antisymmetric cases
appear a bit higher than those of the conventionalones, the selected
cases are thought to fall within the bounds of realistic helicopter
blades.

Figure 5 shows the stability results for pitch– lag coupled con-
� gurations (symmetric cases A and B) as a function of forward
speeds. The elastic couplings are seen to play signi� cant roles in
the lag mode stability. Compared to the baseline con� guration, the
negative pitch– lag coupling (symmetric B) has an apparent stabi-
lizing effect on the lag mode, whereas the positive pitch– lag cou-
pling (symmetric A) has a destabilizing effect. The increase in lag
mode damping for symmetric case B reaches 170% compared to
the baseline case. Note that the stability margin of the symmetric
case A improves as the forward speed increases.Results illustrating
the effect of nonzero ply angles in the top and bottom walls of the
blade structure on the lag mode stability are presented in Fig. 6. It
is seen that negative pitch–� ap coupling has a stabilizing effect on
the lag mode, whereas positive pitch–� ap coupling is seen to have a
destabilizingeffect, thoughthe changeof damping appears less sub-
stantial than that with pitch– lag couplings. The in� uence of elastic
couplingson the blade stability is demonstrated in a rather dramatic
fashionin Fig. 7, where the lag mode dampingresultsfor bladeswith
tension–pitch couplings are plotted against the helicopter forward
speeds. Positive tension–pitch coupling (antisymmetric A) shows a
strong stabilizing effect on the lag mode damping. The increase in
lag mode damping for the antisymmetric case A is more than � ve
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Table 2 Con� guration of different composite box beams

Case Top Bottom Left Right

Baseline [90=0]2s [90=0]2s [90=0]2s [90=0]2s
Symmetric A [90=0]2s [90=0]2s [302=.90=0/3] [302=.90=0/3]
Symmetric B [90=0]2s [90=0]2s [¡302=.90=0/3] [¡302=.90=0/3]
Symmetric C [302=.90=0/3] [302=.90=0/3] [90=0]2s [90=0]2s
Symmetric D [¡302=.90=0/3] [¡302=.90=0/3] [90=0]2s [90=0]2s
Antisymmetric A [¡302=.90=0/3] [302=.90=0/3] [¡302=.90=0/3] [302=.90=0/3]
Antisymmetric B [302=.90=0/3] [¡302=.90=0/3] [302=.90=0/3] [¡302=.90=0/3]

Table 3 Rotating fundamental frequencies at nominal
rotor speed ( X = 660 rpm)

Case First lag First � ap First torsion

Baseline 0.721 1.12 5.02
Symmetric A 0.701 1.13 5.32
Symmetric B 0.701 1.13 5.32
Symmetric C 0.720 1.12 5.67
Symmetric D 0.720 1.12 5.67
Antisymmetric A 0.701 1.12 6.28
Antisymmetric B 0.701 1.12 6.28

Fig. 5 Lag mode stability results for symmetric A and B with � ight
speed.

times as much as for the baseline case (maximum 890%), whereas
the antisymmetric case B (tension–pitch up coupling) becomes less
stable than the baseline case. The increase in lag damping for the
case with positive tension–pitch coupling is much larger than that
with the negative pitch– lag coupled case (symmetric B).

The preceding results indicate that there is a great potential for
the aeroelastic tailoring by using the tension–pitch couplings in the
design of a composite blade. Note that this result is consistentwith
the result obtained for the case 3 con� guration in the work of Hong
and Chopra11 and is somewhat different from that of Smith and
Chopra,14 where less signi� cant roles of positivetension–pitch cou-
plings on the lag mode stabilitywere noticed. In Ref. 14, the effects
of composite couplings on the aeroelastic stability of composite
hingeless rotors in forward � ight were investigated. Four speci� c
layup cases representingboth positive and negative pitch–� ap, neg-
ative pitch–lag, and positive tension–pitch couplings, respectively,
were considered in the study. Cases with positive pitch– lag and
negative tension–pitch couplings were not included in their analy-
sis, whereas, in the presentwork, all of the con� gurations(six cases)
were considered. In both studies, however, blades with pitch–� ap
and pitch– lag coupled con� gurations lead to the same conclusions
regarding the blade stability.

Direct Transverse Shear Effects
The in� uence of transverse shear on the forward � ight aeroelas-

tic stability is investigated in this section. The con� guration of the
bladementionedin the precedingsection is used again for this study.

Fig. 6 Lag mode stability results for symmetric C and D with � ight
speed.

Fig. 7 Lag mode stability results for antisymmetricA and B with � ight
speed.

Figure 8 shows theeffectsof transverseshearon the lag mode stabil-
ity as a functionof advance ratios for symmetric cases A and B. It is
evident in these pitch– lag coupled cases that, with the introduction
of additional � exibility by shear DOF the lag mode becomes more
stable than that without considering the shear � exibility. For sym-
metric case A, the lag mode becomes stable with the introduction
of transverse shear, whereas the lag mode remains unstable when
the transverse shear is neglected in the analysis. The shear � exibil-
ity is believed to play a bene� cial role on the stability behavior for
this con� guration. The stability results with and without consider-
ing the shearDOF for baselineand symmetric A cases are presented
in Fig. 9. The effects of transverse shear on the lag mode stability
presentmixed results for these cases: a decrease in lag mode damp-
ing for the baseline case and a slight increase in lag mode damping
for the symmetric case C. Note that the transverse shear effects
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Fig. 8 Effects of transverse shear on lag mode stability for symmetric
A and B with � ight speeds.

Fig. 9 Effects of transverse shear on lag mode stability for baseline
and symmetric C with � ight speeds.

Fig. 10 Effects of transverse shear on the lag mode stability for anti-
symmetric A and B with � ight speeds.

become larger at higher advance ratios as in the cases of symmetric
A and B. Figure 10 shows the stability results for antisymmetric
cases A and B with and without the transverse shear � exibility.The
transverseshear deformation is seen to play a signi� cant role on the
lag mode stability for the antisymmetric case A, whereas the effect
is negligible for the antisymmetric case B. Note that, overall, the
transverse shear � exibility has a stabilizing effect on the lag mode
stability for cases with elastic couplings.

Fig. 11 Shear correction factors in the horizontal and the vertical di-
rection for various con� guration blades.

Fig. 12 Effects of transverse shear on the lag mode stability for various
con� guration blades (¹ = 0.35).

In a Timoshenko-like beam theory, the nonuniform distribution
of shear across the section of the blade can be taken into account in
an effectivemanner by applyingthe shear correctionfactors. For the
present study, the formula of SCF put forth by Kim et al.19 is used
to obtain the SCF (see Appendix). The SCF is a function of mate-
rial properties and layup sequences, as well as the geometry of the
section.Calculated results of SCF in the horizontal (chordwise) and
vertical (� atwise) directions of the box section for different layup
cases are presented in Fig. 11. These values have been used exten-
sively for the blade analysis. Figure 12 shows the relative error in
percentin theestimationof the lagmodedampingat an advanceratio
of¹ D 0:35.Resultswith assuminguniformshearacrossthe section,
that is, SCF D 1, and with neglectingtransverseshear, are presented
togetherto identify the signi� canceof consideringthedistributionof
shear. The percentage error is de� ned as j®s ¡ ®j=®s £ 100, where
®s is the dampingvaluewith full transverseshear couplings,and ® is
that without transverse shear or with transverse shear, but with uni-
form shear. Neglecting transverse shear results in a 3.7–21% error
in predicting lag mode damping, whereas assuming uniform shear
results in a 0.2–13.4% error.

Unsteady Aerodynamic Effects
Finally, the in� uence of unsteady aerodynamics on the lag mode

stability for a soft-in-plane hingeless rotor is addressed in this
section. The vehicle and rotor properties used in the calculation
are similar to the full-scale BO-105 hingeless design: rotor radius
R D 193:7 in., Lock number° D 7, solidity¾ D 0:089, and hover tip
Mach number Mtip D 0:7. For the present study, two different lami-
nate con� gurations are evaluated: the baseline uncoupled case and
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Fig. 13 Effects of unsteady aerodynamics on the lag mode stability for
baseline and pitch–lag coupled composite blades with forward speeds.

Fig. 14 Effects of unsteady aerodynamics on the lag mode stability
for negative pitch– lag coupled composite blades with increasing thrust
ratio, CT /¾(¹ = 0.35).

the negative pitch– lag coupled case. The baselinecase is composed
of [.90=0/5=.45=¡45/3=04]s so that all of the box-beam walls do
not exhibit any elastic couplings. The negative pitch– lag coupled
case is composed of [¡304=.15=¡15/3=.45=¡45/3=04]s for the left
and right walls of the box section,whereas the top and bottom walls
are composed of [.90=0/5=.45=¡45/3=04]s .

Figure 13 shows the lag mode stability results for both the base-
line and negative pitch–lag coupled cases as a function of forward
speeds.With the inclusionof negativepitch– lagcouplings,a gradual
increase of damping with forward speeds is obtained (except near
the hover region). It is apparentforboth of thecon� gurationsthat the
unsteady effects become dominant at higher forward speeds. With
the introductionof unsteadyeffects, the lag mode damping becomes
less stable, especiallyat very high forward speed (¹ > 0:3), than the
quasi-steadycase. This trend is also clear, as can be seen in Fig. 14,
where the thrust level (CT =¾ ) of the blade increases from 0.06 to
1.0. At a thrust level of 0.1, the stability result with an unsteady
model indicates negative damping, but the case with quasi-steady
model shows that the blade still remains in a stable region.

Conclusions
A � nite element approach has been performed to investigate the

effects of elastic couplings, transverse shear deformation, and un-
steady aerodynamics on the aeroelastic stability (shaft-� xed) of
composite hingeless rotors in hover and forward � ight. In the struc-
tural formulation,nonclassicaleffects such as anisotropy,transverse
shear, and torsion warping are incorporated. The nonuniform dis-

tribution of shear across a beam section is effectively taken into
account by introducing the SCF. The SCF used in this work allows
consideration of composite couplings as well as the geometry of
the section. The aerodynamic model is formulated to allow either
quasi-steadyor unsteady two-dimensionalaerodynamics.Based on
the current work, the following conclusions could be drawn:

1)The presentforward� ightaeroelasticresultsfor both the steady
responses and the stability behavior have been correlated success-
fully with other literature.

2) Both the negative pitch–lag coupling (lag back/pitch up) and
the negative pitch–� ap coupling (� ap up/pitch up) stabilize the lag
motion substantially. This previously known feature of composite
couplings is clearly captured through carefully selected blade con-
� gurations.

3) An antisymmetriclayup bladewith positivetension–pitch cou-
pling (tension–pitch down) has a signi� cant stabilizingeffect on the
lag mode stability and demonstrateda great potential for aeroelastic
tailoring: The maximum increase in the lag mode damping reaches
890% comparedwith the baselineuncoupledblade.On the contrary,
the negative tension-pitch coupling has a noticeable destabilizing
effect on the blade.

4) The transversesheardeformationpresentsa de� nite stabilizing
effect on the lag mode stability, especially for cases with elastic
couplings.The effectsbecomepronouncedathigherforwardspeeds.
Speci� cally, it is seen in the symmetric A con� guration that the
lag mode becomes stable with the introduction of transverse shear,
whereas the lag mode remains unstable when the transverse shear
is neglected in the analysis. The nonuniform distribution of shear
shouldbe taken intoaccountappropriatelyfor more accurateresults.

5) Inclusion of unsteady aerodynamic effects has substantial in-
� uence on the lag mode stability and is important for enhanced
aeroelastic analysis. The effects become larger with increasing for-
ward speed and also with increasing thrust ratio.

Appendix: SCF Formula
Figure 1 (also Fig. 3 in Ref. 19) shows the con� gurationof a thin-

walled box-section beam. The box section consists of four walls
(i D 1; 4), and each wall constitutes local Cartesian system (ni ; si )
with its origin located at the centroidof each wall. It is assumed that
the beam undergoes three degrees of motion: axial displacementu,
transverse displacement w, and cross section rotation along the ´
axis, Ã . The shear correction coef� cients are obtained by imposing
the equality of shear deformation energies between the actual shear
strain and the assumed constant shear strain across the box section,
which can be written in a form19:

1

2

I
Nxs°xsa

2
i ds D 1

2
Q& .w0 ¡ Ã/ (A1)

where s denotes contour coordinatesof the box section; Nxs and °xs

are the shear � ow and shear strain componentsalong the contourdi-
rection, respectively;ai are the direction sines de� ned with respect
to the horizontalaxis; and Q³ is the applied tip shear force. Follow-
ing the procedures described in Ref. 19, the equation for the shear
correction coef� cient in the vertical direction of the box section is
derived as

k& D
Q& [Q& ¡ D12u 0 C D23Ã

0]

D22

H
Nxs°xsa2

i ds
(A2)

where D12, D23, and D22 denote the extension-shear coupling,
bending-shearcoupling,and direct shear stiffnessconstants,respec-
tively, and these are de� ned in Ref. 19. As can be seen in Eq. (A2),
the expression for the shear correction coef� cient is dependent on
material properties, layup sequences, and geometric dimensions of
the section. The horizontal counterpart of shear correction coef� -
cient can also be determined in a similar manner.
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